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ABSTRACT 



The critical curve C on which Imf = 0, f = ap/a, determines hyperbolic domains whose 
Poincare metric is constructed in terms of od and a. We describe C in a parametric form 
^ ■ related to a Schwarzian equation and prove new relations for N = 2 Super 5f/ (2) Yang- Mills. 

In particular, using the Koebe 1/4-theorem and Schwarz's lemma, we obtain inequalities 
involving u, and a, which seem related to the Renormalization Group. Furthermore, we 
obtain a closed form for the prepotential as function of a. Finally, we show that df (tr0 2 )^ = 
8^-(0}|) where &i is the one-loop coefficient of the beta function. 
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1. The effective action of the low-energy limit of iV = 2 super Yang-Mills, solved exactly in 
HJ, is described in terms of the prepotential T @ 
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where $^ = dJ-'/d^i and r iJ = d 2 T '/ 'd&id&j. Let us denote by a, t = and a { D = (</>£,) 
the vevs of the scalar component of the chiral superfield. For gauge group 577(2) the moduli 
space of quantum vacua, parameterized by u = (tr0 2 ), is S 3 = C\{— A 2 , A 2 }, the Riemann 
sphere C = C U {oo} with punctures at ±A 2 and oo, where A is the dynamically generated 
scale. It turns out that ffl (we set A = 1) 
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A crucial property of a D and a is that they satisfy the equation || (see also ||) 

4(u 2 - l)d 2 u + l]a D = 0= [4{u 2 - l)d 2 u + l] a. 
This equation is the "reduction" of the uniformizing equation for S 3 |5|] [[§ 

4(1 - m 2 ) 2 <9 2 + u 2 + 3| ip = 0, 



(2) 



(3) 



(4) 



which is satisfied by yl — u 2 d u ao and yl — u 2 d u a. 

Let us summarize the main results in 0j. First of all it has been shown that 



that is 



u = ixi(T — ad a J r /2), 



-H(0>) = -(tr0 2 > + ^0><<^>. 



(5) 



(6) 



In order to specify the functional dependence of u we set u = Gi(a), u = G2(j) and ii = Gz{t) 
where f = ao/a and r = 9 2 7-". By Eq.(|3|) we have 



0, (7) 
that by (Bf) provides recursion relations for the instanton contribution and implies 



7i 2 {ad 2 a F-d a FY 
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1 + vr 2 {T - ad a T/2Y 



(8) 



By (|2]) we have a(w = —1) = —i4/ir and a(w = 1) = 4/V so that the initial conditions for 
the second-order equation (|7|) are Gi{—i4:/it) = —I and G\{k/ir) = 1. 
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In this paper we will investigate some consequences of the relation (^). This relation 
allows us to find the differential equation satisfied by the functions Qk and implies a new 
relation which involves theta-functions and the prepotential T . Furthermore, we investigate 
the structure of T as function of a that, although its explicit expression is still unknown, we 
give in a closed form in Eq.(P2"|). 

In our investigation the Seiberg-Witten critical curve C, on which Im f = 0, plays a crucial 
role. This curve determines hyperbolic domains. In particular, using uniformization theory, 
we will construct the natural (Poincare) metrics on the quantum moduli space and on the 
hyperbolic domain inside C. Such metrics should be also useful in finding the building blocks 
for the non-holomorphic part (higher order derivatives) of the effective action. General the- 
orems concerning univalent functions, such as Schwarz's lemma and the Koebe 1/4-theorem, 
imply inequalities that for the case at hand take a simple form in terms of the vevs of </>, 
(f)D and tr0 2 . We will suggest that such inequalities are related to the Renormalization 
Group and will discuss a possible connection with the uncertainty principle. In obtaining 
such inequalities we introduce the Euclidean distance between points in the quantum moduli 
spaces. The structure of this distance is investigated making use of Eq.(|5|) which also implies 
the relation df(ti(f) 2 )r = 8^~(0)fj where b\ is the one-loop coefficient of the beta function. 

We note that some properties of the critical curve have been investigated in [J]] 00 
whereas related physical aspects have been discussed in 

2. The critical curve C can be seen as the curve on which the torus with modular parameter 
f degenerates. Let us consider the mass of a dyon hypermultiplet 

M nmne = V2\n m a D + n e a\ = V2|a||n m f + n e \, (9) 

where n e and the electric and magnetic charges respectively. M^ nc is related to 

the eigenvalues of the Laplacian on the f-torus. More precisely we have the Schrodinger 
equation 

^^Pn m n e ^n m ii e ^n m m e ) (10) 

where A = —2d s d z is the Laplacian on the torus and ipn m n e = cos27r(ra m x — n e y), 
z = x + fy. One has E nmTle = 2n 2 \n m f + n e | 2 /(Imf) 2 , so that 

k 2 M 2 n , N 

^rimUe — I I o /y ~\ 2 - K 11 ) 

\a\ z {lmT) z 

Notice that ( JT0| ) admits the following interpretation. One can consider the theory iV = 1 in 
D = 6. Compactifying two dimensions on the torus f, one has Z ~ P5 + iP§ so that in the 
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massless sector P 2 = 

□ 6 V> = D 4 ^ = A 2 ^ = |Z| 2 ^, A 2 = — (12) 

|a| 2 (lm tJ 2 

In crossing the curve C a BPS-saturated particle of given charges can appear or disappear. 
Eqs. (|ll3l) (|lTD show that the tori f & C correspond to critical points for the structure of the 
energy eigenvalues. In it has been shown that inside C, that is in the domain A 

containing the point u = and such that C = dA, one has Imf < 0. We will show that 
C can be parametrically described by the solution of a Schwarzian equation. Eventually we 
will obtain inequalities which resemble a sort of uncertainty relations for QFT and where 
the critical curve plays a crucial role. In order to find the differential equation associated to 
C we first recall that r corresponds to the inverse of the map which uniformizes S3 Q. An 
important point is that both r and f have r(2)-monodromy implying that the structure of 
the associated fundamental domains D\ and D 2 differ for the value of the opening angle at 
the cusps [|7| (0 and 2n respectively). To describe the critical curve, we first note that by 
definition (see also 0) 

c = { u = g 2 (r)\re [-1,1]}. (13) 

On the other hand, the dependence of u on f can be determined by solving a differential 
equation which follows from ([3]). Using the following property of the Schwarzian derivative 

ivW, x} = 7^ - ~ K) = -y' 2 {x(y),y}, (14) 
y ^ \ y j 

one has {^2,^} = — (9f G2) 2 {t, Q 2 }- To obtain the differential equation satisfied by Q2 
we recall that if ipi,ip2 are linearly independent solutions of d 2 ip(x) + P(x)ip(x) = 0, then 
{VrM, x} = 2P, which follows by f^dj^dj 1 / 2 = ^d^d^ 1 = ^-^'M = d 2 +P, 
k = 1,2, / = ipi/ip2 (note that ^2 0*0 = Aipi(x) + Bipi(x) J x ip^ 2 , B 7^ 0). Thus, since f is 
the ratio of two solutions of (|3]), we have 

2(l-£ 2 2 ){£ 2 ,r} = (<9^ 2 ) 2 . (15) 

An explicit computation gives f(u = — 1) = ±1, f(u = 1) = (observe that —1 and +1 are 
identified after factorizing the image of the f-map by T(2)), so that 

&(-l) = &(1) = -1, &(0) = 1. ( 16 ) 

Therefore the critical curve is given by ( |i~3"D with Q 2 solution of ( Jl5| ) and initial conditions 
(|16|). The solutions of Eqs.(^)(^) should be related to the p-function. To show this we use 
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again (|TJ) so that {£ 3 , r} = - (<9 T £ 3 ) 2 {r, £ 3 } and by 



2(l-^) 2 {^3,r} = -(3 + ^) («9 T £ 3 ) 2 



(17) 



The fact that r and f have the same monodromy and Eq. flTE|) imply that (see also J7J) 

&(-l) = &(l) = -l, &(0) = 1, (18) 

which also follows by an explicit computation (use (|2|) and recall that r = a' D /a'). A way 
to find the solution of (|17]) with initial conditions ([18]) is to consider u as the uniformizing 
map. In the case of £ 3 we have M 
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M = Qzij) 



that by the "inversion formula" (Eh implies the new relation 



e 2 (o|r) 

O 3 (0|r) 



(19) 



t/ !' T - -d a F 



1 - 2 



e 2 (o|#F) 



e 3 (o|^) 



(20) 



showing that such a combination of theta-functions acts on d 2 a T as integral operators. 

By ([H|) the problem of finding the explicit solutions of Eqs.fl7D( |l5|) is equivalent to the 
problem of finding the explicit dependence of r as function of a and f respectively. In 
this context we note that once Eq.(^) is solved, we can use Eq.(|5|) to obtain the explicit 
dependence of T on a, namely 

2% 



JF(a) = — a 2 / dxQ\{x)x~ 

7T J ao 



~a + - — a 



2a 



(21) 



where uq is an arbitrary point on the compactified moduli space E 3 = C, and ao = a(uo 
a do = a£)(tto). Choosing m = 1 we have 

2i 



J-'(a) = —a 2 [ dxQi(x)x 

IT JA/tt 
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22) 



3. In |]J it has been emphasized that the properties of the metric?] 



rfs * = Im |_W = _^ W , (23 ) 



1 We will show that e v is the Poincare metric on S3 so that e is a "non-chiral" solution of the 
uniformizing equation (0) (see ]iT|). 
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are at heart of the physics. Actually, the natural framework to investigate these properties is 
uniformization theory An interesting aspect of the results in [pj is that the classical moduli 
space of the theory is the Riemann sphere with a puncture whereas in the quantum case 
one has the Riemann sphere with three punctures. Thus, since by Gauss-Bonnet formula for 
n-punctured Riemann spheres one has / s ^/gR g = 2tt(2 — n), there is a "transition" from 
positively (classical moduli) to negatively (quantum moduli) curved spaces. This transition 
makes it evident that quantum aspects are related to deep aspects concerning uniformization 
theory. In particular, one can apply basic inequalities, such as the Koebe 1/4-theorem and 
Schwarz's lemma, which are at heart of the theory of univalent functions (i.e. uniformization, 
Teichmuller spaces etc.). 

We now use the prepotential T to construct the positive definite metric 



\d 3 F/da 3 \ 2 2 _ \d 3 F/dudada \ 2 
{lmd 2 F/da 2 ) 2 ~ {\md 2 T/da 2 ^ 



dsl = 2 \da\* = fUUUUUU L \du\ 2 = e*\du\*. (24) 



Let H = {w\lmw > 0} be the upper half plane endowed with the Poincare metric ds 2 P = 
(Im w)~ 2 \dw\ 2 . Since r is the inverse of the uniformizing map Jh '■ H — > S 3 , it follows that 

is the Poincare metric on S3 so that ip satisfies the Liouville equation ip U u = e v /2. 

To prove the last equality in (|23f) observe that d u d\T = ( ) / a' where ' = d u . 

By (|) and using [|] 



/ 2i / X 

aa D — ar>a = — , (25) 

7T 



it follows that 

d 3 T 



Oudada 2ma' 2 (l-u 2 y ^ 
which is equivalent to The last equality in (p3|), that is e _</,//2 = 27r|a'| 2 |l — -u 2 |Im (<9 2 JF), 
follows by the definition of given in (|24]). 

We now observe that the A-domain can be seen as a distortion by a regular (note that 
00 ^ A) univalent function of the Poincare disk A = {z\\z\ < 1}. This remark suggests to 
apply distortion theorems for hyperbolic domains. A basic point in our construction is that 
the Poincare metric on A is easily identified in terms of the vevs of (f> and <pr>. In particular, 
it can be explicitly expressed in terms of the function f{u) which maps E 3 to D 2 . 

Setting w = t(u) in ds 2 P = (Im w)~ 2 \dw\ 2 (which is divergent for w G R), we obtain the 
Poincare metric on the hyperbolic domain A 

ds 2 P = -4 1 ™' D ~ aDa Z \du\ 2 = — 7 V2 \du\ 2 = e^\du\\ (27) 

[aDd — and) tt (adci — cld^) 
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where we used (£^J). We now apply the general construction for hyperbolic domains (see for 
example [JTTJ ) to show that^ 

1 < e VA{u ' a) (A A u) 2 <4, (28) 

where A A u denotes the Euclidean distance from u G A to the critical curve C = dA. 

We note that a similar geometrical uncertainty relation appears in the description of 
the cutoff (Az m i n ) 2 in 2D quantum gravity [10]. In particular, it has been shown that in a 
hyperbolic domain D one has 

(Az) 2 > e -e— (A D z) 2 , (29) 

where e = (As m j n ) 2 = e lpD+r7D (Az m i n ) 2 is the minimal invariant length, e^ is the Poincare 
metric on D and <7d is the Liouville field. Eq.(|29|) provides the relation between the minimal 
length in configuration space z, the structure of the boundary dD and the Liouville field. 
To prove (|28| ) we need Schwarz's lemma and the Koebe 1/4-theorem (see for example 



12|). Let f(z) be an analytic and regular function in A vanishing in zero. Schwarz's lemma 



states that if \f(z)\ < 1, z G A, then \f(z)/z\ < 1, z G A, where equality can hold only if / 
and z differ by a phase. Setting z = in the expansion f(z) = f'(0)z + f"(0)z 2 /2\ + . . ., we 
obtain 

[f (0)| < 1. (30) 

Let u be a point in A and F a conformal map of A onto A. Since the Poincare metric on A 
is ds 2 P = 4(1 — |2;| 2 )~ 2 |(i2;| 2 , we have 

e VA{u ' a) =4\F'{u)\ 2 . (31) 



Setting f(z) = F(u + zA A u), by ([30]) we have \F'(u)\A A u < 1, so that (|T]) implies 
€ <pa (•«>«) (A A u) 2 < 4. The other inequality in (|28|) is an application of the Koebe 1/4-theorem, 
a consequence of the area theorem. It states that if / is a regular and univalent function 
in A with normalization f(0) = 0, f'{0) = 1 (functions with such properties constitute the 
iS-class), then /(A) contains the open disk of radius 1/4 center 0. Let g be a conformal 
mapping of A onto A with g(0) = u, we have 

e f A (u,u) =4 |^(o)|- 2 . (32) 

We now set G(z) = (g(z) — g(0))/g'(0), so that G G S, and observe that since by construction 
g(A) contains the open disk of radius A A u center u, it follows that G(A) contains the open 
2 We stress that similar results hold in the complementary domain C\A 



6 



disk of radius A A u/\g'(0)\ center 0. On the other hand, by the Koebe 1/4-theorem, G(A) 
contains the open disk of radius 1/4 with center 0, so that A A u/\g'(0)\ > 1/4 and (|32|) 
implies e^ (u ' s) {A A uf > 1. 



4. Up to now we considered unit where h = 1. However, the structure of ( |28| ) suggests 
performing a dimensional analysis setting the Euclidean distance dimensionless. Since JF 
has the dimensions of h and being an = d a J- ', by fl2~8|) we have 



hA A (tr(j) 2 ) < Trim ((</>) (<MJ < 2ftA A (tr 2 ), (33) 

where we used the fact that Imao/a < 0. Let us denote by Cd the curve in A on which 
A A (tr0 2 ) = d On C1/2 Eq.(|33|) has the structure 

5 < Trim < h. (34) 



In order to investigate the physical meaning of (|33|) we should first discuss two aspects. 
The first one concerns the structure of the Euclidean distance A A u. Let us denote by v the 
points in C and by x the values of f such that v = G2(%), so that by QT3D Imx = and 
x G [— 1, 1]. Note that by definition A A u = \u — vq\, where u G A and vq is the minimum of 
\u — v \. In order to determine Vq one should first solve the equation 

^1^-^)1 = 0, (35) 

which can be also seen as an equation for x, so that v = £2(^0), xq = xq(t). 

The second point concerns the parametrization of quantum vacua. In this context we 
stress that since f(u) is a univalent function, that is the equality f(ui) = f{u2) implies 
u\ — U2, it follows that the moduli space of quantum vacua can be equivalently identified 
with the f-space (or its fundamental domain D 2 ). Therefore there is the correspondence 

u — moduli space <^=^> f — moduli space. 

In the following we will use the subscript f to emphasize the f-parametrization of the vacuum 
states. The above remarks suggest writing Eq.(R3[) in the form (here f = Xq) 



ft|(tr0 2 ) f - (tr0 2 ) fo | < vrlm ((0)f(0 c ) f ) < 2^|(tr0 2 ) f - (tr0 2 ) fo |. (36) 

The fact that r = d\T is dimensionless implies that (2 — ada)T = Ad\F, so that Eq.fl^D 
is equivalent to A<9aJF = — 8nibi(tr 2 )f where, as stressed in flT3"| |I4]| , bi = 1/4ti 2 is the 
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one-loop coefficient of the beta function. Thus Eq. (^) implies inequalities involving Kd^. 
In |l3j it has been suggested that the relation Ad^J 7 = — 8nibi(tr </> 2 )f should be understood 
in terms of Renormalization Group ideas (see lf[3|| ||14|| for relevant generalizations of this 
formula and [|15| for other interesting consequences). In a forthcoming paper |16|] we will 



argue that Eq.(|3T)|) is related to the beta function Ad\r whose structure can be investigated 
in the framework of the relation (|5|) and Eq.(§). We note that C can be seen as the curve 
which separates the local and asymptotic regions. Once the nonperturbative beta function is 
constructed the ray of convergence of the local expansions should be related to the structure 
of the v4-domain and its boundary C. In particular, Eq. (|36|) should also play a a role in 
investigating Borel summability. 

There is another aspect which should be mentioned in discussing Eq . (|33"D . In ordinary 
Quantum Mechanics one has \J{x 2 )^ — \p 2 )ip — (p) 2 ^ > ft/2 (note that the square roots 

may be seen as Euclidean distances). Fields and (fin play the role of x and p respec- 
tively and T is the analog of the action. Similarly, one should consider the correspondence 
(x 2 )^ — > (tT(f) 2 )r and investigate whether |(tr0 2 ) f — (tr0 2 ) fo | ~ |(tr0 2 ) f — (0)f|, with © 
some field operator (recall that by (|35|) f is f-dependent). To have a deeper analogy with 
the uncertainty relation one should identify (tr<j) 2 D )r and investigate the structure of the 
relation between (tr0 2 )f o , (tr0 2 )f, (<p)f , (4>)t and their duals. The asymptotic behavior 
(tr</> 2 )f ~ (0)1/2 suggests that a similar relation should exist. In this context it is interest- 
ing to note that (<fi)\ appears in evaluating the Euclidean distance |(tr0 2 )f — (tr0 2 )^ o |. In 
particular, deriving Eq.([|) with respect to f we have 

^(tr0 2 ), = ^-(0) 2 , (37) 

so that Eq.(|35|) becomes 

a 2 (v)(g^t)-g^)) =^R(£ 2 (f) -&(£)). (38) 
Finding the solution of Eq. ([38|) is an interesting open problem which should be possible 



to solve once the solution of (15) is known. As we said, solving Eq.(^) is equivalent to find 
the inverse of the map t = 7i{r) whose explicit expression is given by (|2|) (|19D . All these 
aspects show that the uncertainty relations (1331) are described by the Schwarzian equation 



(HI)- 

Another aspect concerns the geometrical origin of the lower and upper bounds in (|33"|). 
These seem to be a consequence of the good infrared and ultraviolet properties of negatively 
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curved spaces. These aspects have been investigated in a different context by G. Callan 
and F. Wilczek |I7|| . Here we have seen that the Koebe 1/4-theorem and Schwarz's lemma 



applied to hyperbolic geometry explain the origin of such geometrical regulators. We also 
observe that the role of the Koebe 1/4-theorem in hyperbolic geometry seems related to the 
crucial mechanism which arises in the compactification of moduli spaces of Riemann surfaces. 
In particular, the fact that in the Deligne-Knudsen-Mumford (DKM) compactification of 
moduli spaces of punctured Riemann spheres (configuration space of anyons) "punctures 
never collide" can be seen as a request for the Weyl-Petersson Hamiltonian to remain self- 
adjoint at the DKM boundary. This implies the mass-gap and the exclusion principle for 
anyons (punctures) |i~8| . 

There is another physical application of our results. Namely a is a nowhere vanishing 
function of u so that one should investigate the role of the lower bound for \a\. This is 
relevant in order to recover the structure of the a-moduli space and the properties of M nmrie 
(such as the structure of the mass-gap). Similar arguments should be also useful to better 
understand some aspects concerning confinement. In this context we recall that according 



to Nehari theorem [19| a sufficient condition for the univalence of a function g defined on A 
is 

(l-|z| 2 ) 2 |{^}|<2, (39) 

whereas the necessary condition is 

(1-M 2 ) 2 |{^}|<6. (40) 



It can be shown that the constant 2 in (|39|) cannot be replaced by any larger one. An 
interesting question is to find the sharp inequality for the case at hand. 

In conclusion we note that our investigation is related with the theory of quasidisks. 
They have interesting structures. For example a generic quasidisk has a fractal boundary 
1 . Quasidisks also appear in some nonperturbative aspects of string theory ETI . 



It is a pleasure to thank G. Bonelli, P.A. Marchetti and M. Tonin for useful discussions. 
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